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Abstract. We derive a sharp bound on the location of non-positive eigenval- 
ues of Schrodingcr operators on the halfline with complex-valued potentials. 



1. Introduction and main result 

In this note we are concerned with estimates for non-positive eigenvalues of 
one-dimensional Schrodinger operators with complex-valued potentials. We shall 
provide an example of a bound where the sharp constant worsens when a Dirich- 
let boundary condition is imposed. This is in contrast to the case of real- valued 
potentials, where the variational principle implies that the absolute value of the 
non-positive eigenvalues decreases. 

In order to describe our result, we first assume that V is real-valued. It is a 
well-known fact (attributed to L. Spruch in [K]) that any negative eigenvalue A of 
the Schrodinger operator — V in i^(R) satisfies 

1 1"°° 

|Ar/2<- J jV{x)\dx. (1) 

The constant ^ in this inequality is sharp and attained if V{x) ~ cS{x — b) for 
any c > and 6 g R. (It follows from the Sobolev embedding theorem that the 
operator —d^ — V can be defined in the quadratic form sense as long as y is a finite 
Borel measure on R. In this case the right side of ([Ij denotes the total variation of 
the measure.) From ([!]) and the variational principle for self-adjoint operators we 
immediately infer that any negative eigenvalue of the operator —d^ — V in L^(0, oo) 
with Dirichlet boundary conditions satisfies 

1 1'°° 

|Ar/2<-/ \V{x)\dx. (2) 



The constant ^ in this inequality is still sharp but no longer attained. 

Motivated by concrete physical examples and problems in computational mathe- 
matics, an increasing interest in eigenvalue estimates for complex-valued potentials 
has developed in recent years. A beautiful observation of [AADj is that ([T]) remains 
valid for all eigenvalues in C \ [0, cxd) even if V is complex- valued. The same is not 
true for ^ ! Indeed, our main result is 
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Theorem 1.1. For a G 



let 



sup e 

y>0 



(3) 



^nj/ eigenvalue A = |A|e*^ £ C \ [0,oo) of the operator — V in L^(0, oo) with 
Dirichlet boundary conditions satisfies 



1 

\\\'/'<-gicot{e/2)) / \V{x)\dx. 



(4) 



T/iis bound is sharp in the following sense: For any given m > and 9 G (0, 2tt) 
there are c G C and b > such that for V{x) = cS{x — b) one has \c\ = J \V{x)\ dx — 
m and the unique eigenvalue of —d^ — V is given by (m^/4) (7(cot(0/2))^e*^, that 
is, equality is attained in 

Remark 1.2. Our bound does not apply to positive eigenvalues. In the case of real- 
valued potential it is known that there are no positive eigenvalues if y G L^(R). 

We note that 1 < g{a) < 2 for a > 0. The following lemma discusses the function 
g in more detail. 

Lemma 1.3. For a > 0, the function g(a) is monotone increasing, with g{0) = 1 
and lima_j.oo 5(a) =2. Moreover, 



for small a, and 



as a —>■ 00. 



g{a) = l + 0(e'"/(3''') 



g(a) = 2-- + 0(a-2) 



(5) 
(6) 



In Figure [T]we plot the curve {\z\ = g{cot{0/2))^}. It follows from ^ that this 
curve hits the positive real axis at the point 4 with slope 2/tt. Close to the point 
— 1 the curve coincides with a semi-circle up to exponentially small terms, as ^ 
shows. 




Figure 1. The maximal value of 4|A| on the half-line with 
|y(x)|dx — 1. The dashed line is the corresponding bound 
on the whole line. 



Using that sup^ (7(a) = 2 we find 
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Corollary 1.4. Any eigenvalue A e C\ [0, oo) of the operator —d^ — V in L^{0, oo) 
with Dirichlet boundary conditions satisfies 



oo 



|Ar/^< / 1^:^)1 dx. (7) 
Jo 

The bound is not true in general if the right side is multiplied by a constant < 1 . 

Inequality ([7]) follows also from inequality ([Ij for complex-valued potentials. In- 
deed, the odd extension of an eigenfunction of the Dirichlet operator is an eigenfunc- 
tion of the whole-line operator with the potential V^(|a;|) with the same eigenvalue. 
The remarkable fact is that the inequality is sharp in the complex-valued case, as 
shown in Theorem ll.il 

By the same argument ([7]) is also valid if Neumann instead of Dirichlet boundary 
conditions are imposed. In this case equality holds for any V{x) = cS{x) with 
Re c > 0. In particular, in the Neumann case ([7]) is sharp for any fixed argument 
< < 27r of the eigenvalue A. The analogue for mixed boundary conditions is 

Proposition 1.5. Let a > 0. Any eigenvalue A G C\[0,oo) of the operator —d^ — V 
in L^(0,oo) with boundary conditions ip' {0) — o'V'(O) satisfies 

\M'^'< / \V{x)\dx. (8) 







The bound is sharp for any a > and any fixed argument < 9 < 2?: of the 
eigenvalue A. 

Note that if ct < a bound of the form ([8]) can not hold since there exists a 
non-positive eigenvalue even in the case V — 0. 

Remark 1.6. In the self-adjoint case inequality ([1]) for whole-line operators is ac- 
companied by bounds 



/^r(7-h3/2) V7+ 1/2. 
for 7 > 1/2; see [Kl ILT] . In contrast, in the non- self adjoint case it seems to be 
unknown whether the condition V G L'''+^/^(R) for some 1/2 < 7 < oo implies 
that all eigenvalues in C \ [0, 00) lie inside a finite disc; see |DN1 IFLLSl ILSl IF for 
partial results in this direction. We would like to remark here that even if a bound 
of the form ^ were true in the non-selfadjoint case with 1/2 < 7 < 00, then (in 
contrast to ([T|) for 7 = 1/2) the constant would have to be strictly larger than in 
the self-adjoint case. To see this, consider V{x) = "^"^^"2 with Re a > 0. Then 
A — —c? is an eigenvalue (with eigenfunction (cosh a:)"") and the supremum 

IA|^ _(r dx , w-^i^ 

Rc«>0 /^oo |^^(x)|^+l/2 dx ~ U-00 COsh^ X j Rc«>0 + ll^+l/^ 

is clearly attained for purely imaginary values of a. 

2. Proofs 

Proof of Theorem ] 1.1[ Assume that —d'^il!{x) — V(x)tp(x) — —fitl;{x) with ■0(0) — 0, 
■0^0 and fi = —A G C \ (—00, 0]. Then the Birnian-Schwinger operator 

V'^'^^\V\'/\ V'/':^{sgnV)\V\'^\ 
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has an eigenvalue 1, and hence its operator norm is greater or equal to 1. 
The integral kernel of this operator equals 



V{x) 



1/2. 



2^ 



-\V{y)\ 



1/2 



and hence 



-92 



< 



V'lUII'^lb sup 

Ml x,y>0 



Without loss of generality, we can take the supremum over the smaller set a: > y > 0. 
Then 



sup 

x>y>0 



-yrp[x-y) 



-^(x+y) 



sup e-""^"^ 

x>y>0 



Since Re y^/I > 0, the supremum over x is achieved at x = y, and hence 



sup 


Q-\/~P{x-y) _ Q-^{x+y) 


= sup 


1 _ g-2yjri/ 


x.y>0 




j/>0 





If we write /i = — e*^ with < < 27r, then 



sup 


1 _ Q-^-ZJ^v 


— sup 


y>0 




!/>0 



,2iyHcos(e/2)y _ -2y^\sin{e/2)y 



ff(cot(0/2)) 



with g from ([3|). Hence we have shown that 

1 



T/i/2 



-92 



-\V\ 



1/2 



< 



l^ll 



^ g{cot{e/2)) . 



(10) 



Since the left side is greater or equal to 1, as remarked above, we obtain 

For V{x) — cS{x — b) the Birman-Schwinger operator reduces to the number 
c(l — e^'^^^) / {2y/JI) and inequality (|10l) becomes equality provided y/JIb satisfies 
|1 — e~2\/M''| = g(cot(6'/2)). For given m > and 9 G (0, 27r) this determines b and 
|c|. The phase of c is found from the equation c(l — e~^^'')/{2y/JI) — 1. □ 

Proof of Lemma \1.3l By continuity for a > there exists an optimizer yo such that 
17(0) = I e*"^" — e"*"" |. We claim that yo satisfies 7r/3 < ayo < tt. To see the lower 
bound, note that | e'"*' — e~^ | > 1 if and only if 2 cos{ay) < e^^ . In particular, 
cos(a?/o) < 1/2- For the upper bound, if 27r > ay > tt and 2cos(ay) < ^ 
replacing ya by 27r — leads to a contradiction. Similarly, if ya > 27r it can 
replaced by ya — 2t: in order exclude that y is the optimizer. 

It is elementary to check that | e*"^ — e~'^ \ is monotone increasing in a for every 
fixed y with < y < tt/o. Since we know already that yo < n/a, the monotonicity 
of g follows. 

Plugging in y = n/a, we obtain g{a) > 1 + e~'^/° > 2 — n/a. For large enough 
a, it follows from this that yo is close to n/a. In particular, yo > 7r/(2a), and hence 
|e»"yo - 1| > g(a) > 2 - 7r/a. This implies that yo = n/a + 0{a-^), and thus 
g{a) = 2 — n/a + 0{a^^), as claimed. 

For an upper bound for small a, we use the triangle inequality and the bound 
ayo > 7r/3 to find g{a) < 1 + e-y° <l + e-'^/^^a) _ □ 
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Proof of Proposition l 1 . 5[ We proceed as in the proof of Theorem fLTI The Birman- 
Schwinger operator has the kernel 

v{xy/' ^ ■ 

The assertion follows as above using that 



sup 

y>0 



< 2 



by the triangle inequality and the fact that ly^T* — cr| < lyZ/J+o-l. The fact that the 
bound ^ is sharp for given argument < 6* < 27r of the eigenvalue A follows by 
choosing V{x) = —ci e'^/^ 6{x) for c > and letting c — > oo. □ 

References 

[AAD] A. A. Abramov, A. Aslanyan, E. B. Davies, Bounds on complex eigenvalues and reso- 
nances. J. Phys. A 34 (2001), no. 1, 57-72. 

[DN] E. B. Davies, J. Nath, Schrodinger operators with slowly decaying potentials. J. Comput. 
Appl. Math. 148 (2002), no. 1, 1-28. 

[FLLS] R. L. Frank, A. Laptev, E. H. Lieb, R. Seiringer, Lieb-Thirring inequalities for Schrodinger 
operators with complex-valued potentials. Lett. Math. Phys. 77 (2006), no. 3, 309-316. 

[K] J. B. Keller, Lower bounds and isoperimetric inequalities for eigenvalues of the Schro- 
dinger equation. J. Mathematical Phys. 2 (1961), 262-266. 

[LS] A. Laptev, O. Safronov, Eigenvalue estimates for Schrodinger operators with complex 
potentials. Commun. Math. Phys. 292 (2009), no. 1, 29-54. 

[LT] E. H. Lieb, W. Thirring, Inequalities for the moments of the eigenvalues of the 
Schrodinger Hamiltonian and their relation to Sobolev inequalities. In: Studies in Mathe- 
matical Physics, E. H. Lieb, et al. (eds.), 269-303. Princeton Univ. Press, Princeton, NJ, 
1976. 

[S] O. Safronov, Estimates for eigenvalues of the Schrodinger operator with a complex po- 
tential. Preprint [arXiv:0902.3950l /l (2009). 

Rupert L. Frank, Department of Mathematics, Princeton University, Princeton, NJ 
08544, USA 

E-mail address: rlf rankamath.princeton. edu 

Ari Laptev, Department of Mathematics, Imperial College London, London SW7 
2AZ, UK & Department of Mathematics, Royal Institute of Technology, 100 44 Stock- 
holm, Sweden 

E-mail address: a. laptevSimperial . ac .uk &: laptev@math.kth.se 

Robert Seiringer, Department of Physics, Princeton University, Princeton, NJ 08544, 
USA 

E-mail address: rseiringaprincetoii.edu 



